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Abstract
For a given graph H and n¿ 1, let f(n; H) denote the maximum number m for which it is possible to colour the edges
of the complete graph Kn with m colours in such a way that each subgraph H in Kn has at least two edges of the same
colour. Equivalently, any edge-colouring of Kn with at least rb(n; H) = f(n; H) + 1 colours contains a rainbow copy of
H . Erdo˝s, Simonovits and S6os have determined rb(n; Kk) for large enough n. Moreover, for k = 3, they have shown that
rb(n; K3) = n. In this paper we will determine the rainbow numbers rb(n; Kk) for all n¿ k¿ 4, and the rainbow numbers
rb(n; kK2) for all k¿ 2 and n¿ 3k + 3.
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1. Introduction
We use [2] for terminology and notation not de>ned here and consider >nite and simple graphs only. If Kn is
edge-coloured in a given way and a subgraph H contains no two edges of the same colour, then H will be called
a totally multicoloured (TMC) or rainbow subgraph of Kn and we shall say that Kn contains a TMC or rainbow H .
For a graph H and an integer n, let f(n; H) denote the maximum number of colours in an edge-colouring of Kn with no
TMC H . We now de>ne rb(n; H) as the minimum number of colours such that any edge-colouring of Kn with at least
rb(n; H) = f(n; H) + 1 colours contains a TMC or rainbow subgraph isomorphic to H . The numbers rb(n; H) will be
called rainbow numbers.
For a given family H of >nite graphs
ext(n;H)=:max{|E(G)| |H ⊂ G if H ∈H}
that is, let ext(n;H) be the maximum number of edges a graph G of order n can have if it has no subgraph from H .
The graphs attaining the maximum for a given n are called extremal graphs.
For a given graph H , let H be the family of all graphs which are obtained by deleting one edge from H . If G is a
graph of order n having no subgraph isomorphic to H , then a TMC copy of G and one extra colour for all remaining
edges (of Kn) has no TMC subgraph H . Hence, f(n; H)¿ ext(n;H) + 1.
Erdo˝s et al. [4] showed that f(n; H)=
( n
2
) → 1 − 1d as n → ∞, where d + 1 = min{(H − e) | e∈E(H)}, and that
f(n; H) − ext(n;H) = o(n2). Hence the rainbow numbers are asymptotically known if min{(H − e) | e∈E(H)}¿ 3.
If min{(H − e) | e∈E(H)}6 2, then the situation is quite diCerent.
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Let Pk and Ck denote the path and the cycle with k vertices, respectively. Simonovits and S6os [7] have determined
f(n; Pk) for large enough n. Erdo˝s et al. [4] conjectured that for every >xed k¿ 3, f(n; Ck)= n
(
k−2
2 +
1
k−1
)
+O(1), and
proved it for k = 3 by showing that f(n; C3) = n − 1. Alon [1] has shown that f(n; C4) =
⌊
4n
3
⌋ − 1, and the conjecture
thus proved for k = 4. Recently, the conjecture has been proved for k = 5 and 6 by Jiang and West [5] and by the
author [6].
In this paper we will determine the rainbow numbers rb(n; H) for complete graphs and for matchings.
2. Rainbow complete graphs
For H =Kk+1 the values ext(n; Kk+1) are given by the famous theorem of Tur6an [8]. Let k ¡n be an integer such that
n= tk + i with t =
⌊
n
k
⌋
and 06 i6 k − 1. Then Tkn is the complete k-partite graph with partite sets V1; V2; : : : ; Vk , where
|Vj|= t + 1 for 16 j6 i and |Vj|= t for i + 16 j6 k. This graph Tkn will be called the Tur5an graph and it has
tkn =
(
k
2
)
t2 + i(k − 1)t +
(
i
2
)
=
k − 1
2k
(n2 − i2) +
(
i
2
)
(1)
edges.
Theorem 1 (Tur6an [8]). Every graph G of order n and with m¿ tkn = ext(n; Kk+1) edges contains a complete sub-
graph Kk+1.
For H = K3 the rainbow numbers rb(n; K3) have been determined by Erdo˝s et al. [4].
Theorem 2 (Erdo˝s et al. [4]). rb(n; K3) = n for all n¿ 3.
For H = Kk and k¿ 4 the rainbow numbers rb(n; Kk) have been determined for n large enough by Erdo˝s et al. [4].
Theorem 3 (Erdo˝s et al. [4]). Let k¿ 4. There exists an nk such that if n¿nk , then
rb(n; Kk) = ext(n; Kk−1) + 2: (2)
We will show that equality (2) holds for all n¿ k¿ 4.
Theorem 4.
rb(n; Kk) = ext(n; Kk−1) + 2 for all n¿ k¿ 4: (3)
Remark. Theorems 3 and 4 mean that an extremal colouring of Kn can be obtained from an extremal graph Tk−2n for
ext(n; Kk−1) by colouring the edges of Tk−2n diCerently and the edges of T
k−2
n by one extra colour.
Proof. We shall prove Theorem 4 by induction on n for every k¿ 4. For n=k we obtain rb(n; Kn)=
( n
2
)
=ext(n; Kn−1)+2.
Suppose that Kn+1 is coloured with at least ext(n + 1; Kk−1) + 2 colours for some n¿ k. Let G be a TMC graph of
order n+1 with |E(G)|=ext(n+1; Kk−1) + 2. If |E(G− v)|¿ rb(n; Kk) for a vertex v∈V (G), then Kn+1− v is coloured
with at least rb(n; Kk) colours, so G contains a rainbow Kk . If |E(G − v)|¡ rb(n; Kk) for every vertex v∈V (G), then
(n+ 1)|E(G)|=
∑
v∈V (G)
(d(v) + |E(G − v)|)6 (n+ 1)(rb(n; Kk)− 1) +
∑
v∈V (G)
d(v)
implying
(n− 1)(ext(n+ 1; Kk−1) + 2)6 (n− 1)|E(G)|6 (n+ 1)(ext(n; Kk−1) + 1)
⇔ (n− 1)(ext(n+ 1; Kk−1)− ext(n; Kk−1) + 2)6 2 ext(n; Kk−1) + (n+ 1): (4)
With k = p+ 2 and n= p · q + i, 06 i6p− 1, we can rewrite (1) as
tpn = ext(n; Kk−1) =
(
p
2
)
t2 + i(p− 1)t +
(
i
2
)
=
p− 1
2p
(n2 − i2) +
(
i
2
)
:
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From (4), we obtain
(n− 1)(tpn+1 − tpn + 2)6 2tpn + (n+ 1):
Now if 06 i6p− 2,
tpn+1 − tpn =
(
p− 1
2p
)
((n+ 1)2 − (i + 1)2 − (n2 − i2)) +
(
i + 1
2
)
−
(
i
2
)
=
(
p− 1
2p
)
(2n− 2i) + i
=
(
1− 1
p
)
(n− i) + i
=
(
n− n− i
p
)
:
It is easily veri>ed that this also holds for i = p− 1. Hence we obtain
(n− 1)
(
n− n− i
p
+ 2
)
6 2
(
p− 1
2p
(n2 − i2) +
(
i
2
))
+ n+ 1
=
(
1− 1
p
)
(n2 − i2) + i(i − 1) + n+ 1
= n2 − i2 − n
2 − i2
p
+ i2 − i + n+ 1:
Thus we have
n2 − n
2 − in
p
+ 2n− n+ n− i
p
− 26 n2 − n
2 − i2
p
− i + n+ 1
from which
n− i + in
p
6 3 +
i2
p
− i
⇔ n− i + in6 3p+ i2 − ip
⇔ (i + 1)n6 i + i2 + (3− i)p
⇔ n6 i + p(3− i)
i + 1
: (5)
We now distinguish the following >ve cases:
Case 1: i = 0.
(5) gives n6 3p.
Case 2: i = 1.
(5) gives n6p+ 1 = k − 1⇔ n+ 16 k, a contradiction.
Case 3: 26 i6p− 3.
(5) gives n6 i + p(3−i)i+1 ¡p+ 26 n, a contradiction.
Case 4: i = p− 2.
(5) gives n6 2p+2p−1 6 4 for p¿ 3, a contradiction, since n¿ k = p+ 2¿ 5. For p= 2 we refer to Case 1.
Case 5: i = p− 1.
(5) gives n6 3, a contradiction.
Hence we have obtained a contradiction except for n = 2p or 3p in Case 1. We will now consider these two cases
separately.
Case 1.1: n= 2p.
Let G ⊆ K2p+1 be a TMC graph of order 2p+ 1 and with ext(2p+ 1; Kp+1) + 2 edges. Note that ext(2p+ 1; Kp+1) +
2 − rb(2p; Kp+2) = 2p − 2 by (1) and the induction hypothesis. Thus, if (G)6 2p − 2, then Kn+1 contains a TMC
160 I. Schiermeyer /Discrete Mathematics 286 (2004) 157–162
Kp+2, a contradiction. Hence we may assume that (G)¿ 2p− 1. Then G has degree sequence (2p− 1; : : : ; 2p− 1; 2p)
implying that G ∼= K2p+1−pK2. If G′=G+e1−e2 ∼= K2p+1−pK2 for two edges e1 ∈ (E(Kn+1)−E(G)) and e2 ∈E(G) with
the same colour, then G′ is TMC and (G′)6 2p−2. Hence G′ contains a rainbow Kp+2 as above. Therefore, the vertices
of V (G) can be labeled u1; v1; u2; v2; : : : ; up; vp; w with d(w)=2p and uivi ∈ E(G) for 16 i6p. Moreover, we may assume
that uivi and viw have the same colour for 16 i6p, since G + uivi − e has degree sequence (2p − 1; : : : ; 2p − 1; 2p).
But then G − w is a TMC K2p, which clearly contains a TMC Kp+2 for p¿ 2, a contradiction.
Case 1.2: n= 3p.
Let G ⊆ K3p+1 be a graph of order 3p + 1 and with ext(3p + 1; Kp+1) + 2 edges. Note that ext(3p + 1; Kp+1) +
2 − rb(3p; Kp+2) = 3p − 3. Thus, if (G)6 3p − 3, then Kn+1 contains a TMC Kp+2, a contradiction. Hence we may
assume that (G)¿ 3p− 2. Then G is a (3p− 2)-regular graph by |E(G)|= tp3p+1 + 2. Now consider G′=G+ e1− e2 for
two edges e1 ∈ (E(Kn+1)− E(G)) and e2 ∈E(G) with the same colour. Then G′ is also TMC. However, (G′)6 3p− 3,
a >nal contradiction.
3. Rainbow matchings
For H = kK2 the values ext(n; kK2) have been determined by Erdo˝s and Gallai [3].
Theorem 5 (Erdo˝s and Gallai [3]). Let G be a graph of order n and with m edges. If m¿max
{( 2k−1
2
)
;
( k−1
2
)
+
(k − 1)(n− k + 1)}= ext(n; kK2), then kK2 ⊂ G.
The next proposition provides a lower and an upper bound for rb(n; kK2).
Proposition 6. ext(n; (k − 1)K2) + 26 rb(n; kK2)6 ext(n; kK2) + 1.
Proof. The upper bound is obvious. For the lower bound an extremal colouring of Kn can be obtained from an extremal
graph Sn for ext(n; (k − 1)K2) by colouring the edges of Sn diCerently and the edges of Sn by one extra colour. So the
colouring does not contain a TMC kK2.
We will now show that the lower bound is achieved for all k¿ 2 and n¿ 3k + 3.
Theorem 7. rb(n; kK2) = ext(n; (k − 1)K2) + 2 for all k¿ 2 and n¿ 3k + 3.
Proof. The proof will be by induction on k¿ 2. Let C={1; 2; : : : ; m} be the set of colours and let c(e) denote the colour
of edge e.
For k = 2 and n¿ 5 let the edges of Kn be coloured with at least two colours. Suppose Kn contains no TMC 2K2.
Let e1 be an edge with c(e1) = 1, M = V (e1), R= V (G)−M and E(M; R) be the set of all edges having a vertex from
both M and R. Then c(e) = 1 for all edges e∈E(G[R]). Moreover, c(e) = 1 for all edges e∈E(M; R), since |R|¿ 3. But
then Kn is monochromatic, a contradiction.
For k¿ 3 and n¿ 3k + 3 let the edges of Kn be coloured with at least ext(n; (k − 1)K2) + 2 colours. Suppose Kn
contains no TMC kK2. Since ext(n; (k − 1)K2) + 2¿ ext(n; (k − 2)K2) + 2, there is a TMC (k − 1)K2 in the colouring of
Kn. Now let G ⊂ Kn be a TMC subgraph of size at least ext(n; (k − 1)K2) + 2 containing a (k − 1)K2. Let e1; e2; : : : ; ek−1
be the edges of (k − 1)K2. Without loss of generality we may assume that c(ei) = i for 16 i6 k − 1. Let ai; bi be the
vertices of the edge ei; 16 i6 k − 1. Let M = {a1; b1; a2; b2; : : : ; ak−1; bk−1}, A = {a1; : : : ; ak−1}, B = {b1; : : : ; bk−1} and
R = V (G)−M . Suppose now Kn contains no TMC kK2. We may assume that dR(ai)¿dR(bi) for 16 i6 k − 1, where
dR(x) is the degree of a vertex x in R. If aiu, biw∈E(G) for two vertices u; w∈R and some i, 16 i6 k − 1, then there
is a TMC kK2, a contradiction. Therefore,
if dR(ai)¿ 2; then dR(bi) = 0
for 16 i6 k − 1.
Let T={i |dR(ai)¿ 2}, t= |T | and S={bi | i∈ T}. We may choose the labeling such that T={k− t; k− t+1; : : : ; k−1}
and 26dR(ak−t)6dR(ak−t+1)6 · · ·6dR(ak−1).
If t¿ 2 then for every pair of vertices ai; aj ∈ T there are two vertices u; v∈R such that aiu; ajv∈E(G). Therefore, S
is independent in G, since Kn contains no TMC kK2. If biap; bjbp ∈E(G) for some i; j∈ T and 16p6 k − 1− t, then
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we obtain a TMC kK2 (replacing ei, ej and ep by biap, bjbp, aiu and ajv), a contradiction. Hence dep (bi) + dep (bj)6 2
for all integers k − t6 i ¡ j6 k − 1 and 16p6 k − 1− t. Therefore, for t = 1,
|E(G[M ])|=
(
2k − 2
2
)
−
(
t
2
)
− t(k − 1− t)− f(G) (6)
and for all t
|E(M; R)|= t(n− (2k − 2)) + 2(k − 1− t)− g(G) (7)
with two functions f(G)¿ 0 and g(G)¿ 0 depending on the particular graph G.
If t=1 and there are k − 2 distinct integers )(1); : : : ; )(k − 2) from {1; : : : ; k − 1} such that )(i) = i and aib)(i) ∈E(G)
for 16 i6 k − 2, then there is a TMC (k − 2)K2 in G[M − {ak−1}] containing none of the edges e1; : : : ; ek−1. Since Kn
contains no TMC kK2 we have c(e)∈{1; 2; : : : ; k − 1} for every edge e∈E(G[R]). Now this TMC (k − 2)K2, an edge
ak−1u for a vertex u∈R and any edge e∈E(G[R− {u}]) gives a TMC kK2, a contradiction.
Assume that the vertices a1; : : : ; ak−1 are labeled such that dB−{b1}(a1)6dB−{b2}(a2)6 · · ·6dB−{bk−2}(ak−2).
If dB−{bi}(ai)¿ i for 16 i6 k − 2, then we can >nd a TMC (k − 2)K2 in G[M − {ak−1}] containing none of the
edges e1; : : : ; ek−1, a contradiction. Hence there is an integer i with dB−{bi}(ai)6 i − 1 implying
k−2∑
i=1
dB−{bi}(ai)6 i(i − 1) + (k − 2− i)(k − 2) = (k − 2)2 − i(k − 1− i)6 (k − 2)2 − (k − 2):
Thus |E(G[M ])|6 ( 2k−22 )− (k − 2) and so (6) is valid also for t = 1.
Since c(e)∈{1; 2; : : : ; k − 1} for every edge e∈E(G[R]), we obtain by Theorem 5 and Proposition 6
(
k − 2
2
)
+ (k − 2)(n− k + 2) + 26 rb(n; kK2)6
(
2k − 2
2
)
−
(
t
2
)
−t(k − 1− t)− f(G) + t(n− (2k − 2)) + 2(k − 1− t)− g(G)
implying
2n(k − 2− t) + 2f(G) + 2g(G)6 5k2 − 9k + t(−6k + t + 3): (8)
For n¿ 3k + 3 and t6 k − 2 this gives
k2 + 3k − 12 + 2f(G) + 2g(G)6 t2 + 9t: (9)
Now t2 + 9t6 k2 + 3k − 18 for t6 k − 3, a contradiction. Hence we may assume that k − 26 t6 k − 1.
Suppose there is a TMC (k − 1)K2 ⊂ E(M; R) with edges ek ; ek+1; : : : ; e2k−2. Then {ek ; ek+1; : : : ; e2k−2; e} is a TMC kK2
for some edge e∈E(G[R]), since n¿ 3k+3¿ 3(k−1)+2, a contradiction. Hence there is no TMC (k−1)K2 ⊂ E(M; R).
We now distinguish two cases.
Case 1: t = k − 1.
By the KNonig–Hall Theorem there exists a subset X ⊆ T such that |NR(X )|¡ |X |. Since dR(ai)¿ 2 for all vertices
ai ∈ T , we have 36 |X |6 k − 1. Let p = |X |. Then dR(ap)6p − 1 and thus |E(M; R)| =∑k−1i=1 dR(ai)6p(p − 1) +
(k − 1−p)(n− (2k − 2)). Hence g(G)¿p(n− (2k − 2)− (p− 1)) =p(n− 2k −p+3). By (8) and for n¿ 3k +3 we
obtain 2pk + 12p− 2p2 + 2f(G)6 4k + 4. With 2pk + 12p− 2p2¿ 4k + 2(p+ 1)(p− 2) + 12p− 2p2 = 4k + 10p− 4
this gives 10p+ 2f(G)6 8, a contradiction.
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Case 2: t = k − 2.
If dR(ap)6p − 1 for some 36p6 k − 1, then we get a contradiction as in Case 1. Hence we may assume that
dR(ai)¿ i for 26 i6 k − 1. Since there is no TMC (k − 1)K2 ⊂ E(M; R), we conclude by the KNonig–Hall Theorem that
dR(a1)= 0 and that there is a TMC (k− 2)K2 ⊂ E(M; R). Now a1bi; b1bi ∈ E(G) for 26 i6 k− 1, since c(e)∈{1; 2; : : : ;
k − 1} for every edge e∈E(G[R]) and n¿ 3k + 3¿ 2(k − 1) + (k − 2) + 2. By (6) and (7) we obtain f(G)¿ k − 2
and g(G)¿ 2. Hence (9) gives
k2 + 5k − 126 k2 + 3k − 12 + 2f(G) + 2g(G)6 t2 + 9t = k2 + 5k − 14;
a >nal contradiction.
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